Juan Andrés Cabral

Exchange economy with bliss-point and linear utility functions

In an economy there are two consumers, A and B, who are endowed with two commodities, z and y.
The preferences of these consumers are given by the following utility functions:

ug=1— (x4 —4)* = (ya — 3)

up =B +YB

Consumer A has an initial endowment wy = (5,0), while consumer B has an initial endowment
wp = (0,5). Assuming that consumers take prices as given, answer the following:

1. What relative price equilibrates the market? What are the consumption bundles of both consumers
after trade?

2. Suppose now that the government decides to “redistribute” wealth by taking 1 unit of good x from
consumer A and transferring it to consumer B, and taking 1 unit of good y from consumer B and
transferring it to consumer A. Does the equilibrium change?

3. What conditions must hold to ensure that we are in a market equilibrium (Walrasian equilibrium)?
4. Find the contract curve and the Utility Possibility Frontier (UPF)

5. Verify that the equilibrium found in part (1) is efficient, using your result from part (4)
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Solution

1. Let prices be (pg, py), with p, > 0 and p, > 0. Consumer A has income

and consumer B has income

The total endowment in the economy is

Consumer A

Consumer A solves

subject to

The bliss point of consumer A is

This bundle is affordable if

Hence,

If instead

ma = 5pg
mp = dpy
=25 y=2>5

max 1— (x4 —4)% — (ya — 3)*

TAYA

PzA + Pyya < 5p,

(4,3)

4p, + 3py < Sps

3py < P

Pr 5 3

Py

(warya) = (4,3) if 22 >3
Py

Pe 35

Py

then the bliss point is not affordable, so the budget constraint binds and consumer A solves

subject to

max 1— (x4 —4)* — (ya — 3)*

TAYA

PzTA + PyYa = Spz
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The Lagrangian is

La=1—(za—4)%— (ya—3)2 +Aa(5ps — P2Ta — Dyya)

The first-order conditions are

—2(xa —4) = Aapz =0
—2(ya —3) — Aapy =0

5Ps — PeTA — pyya =0
We will use these conditions below at the equilibrium price
Consumer B

Consumer B solves

max Tp -+ YB
TB,YB

subject to

PzXB + PyYB < 5py
Since consumer B values both goods equally in utility terms, demand depends on which good is cheaper
If
Pz < Py

then x is cheaper, so consumer B spends all income on z

(wvm) = (22,0

x

If

Pz > Py

then y is cheaper, so consumer B spends all income on y

(vayB) = (Oa 5)

If

Pz = Dy

then consumer B is indifferent among all bundles satisfying
Tp+yYp=>5

Equilibrium price

We now check which relative price can clear markets
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If
Pz < Dy
then consumer B demands
5
rp = & >5
Dz

which is impossible, since total endowment of good x is only 5

So we cannot have

Pe

Py
If

Pz > Dy
then consumer B demands

Yyp =25
leaving

ya =0

But consumer A’s optimum always has positive y4, so this cannot be an equilibrium

So we cannot have

Pz

Dy

Therefore, the only possible equilibrium price ratio is

])fl;
Dy

=1

Equilibrium allocation

Normalize prices as

pz:pyzl

Then consumer A’s problem becomes

max 1— (x4 —4)% — (ya — 3)*

TAYA

subject to

TA+Yya=>

The Lagrangian is

EA:17(IA*4)2*(yA*3)2+)\A(5*IA*yA)
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The first-order conditions are

*2(xA*4)*>\A:0

—Q(yA—3)—/\A :0

5—x4—ya=0
From the first two equations,
TA— 4= Yya — 3

yA:l‘Afl

Using the budget constraint,

264 =6
xA—?)
ya =2

Thus consumer A’s demand is

(Ta,y4) = (3,2)

Since total endowments are (5,5), market clearing implies consumer B must consume

mB:5—3=2

yp=5-2=3

So

(zB,yB) = (2,3)

This bundle satisfies

Tp+yp =>5

so it belongs to consumer B’s demand correspondence when p, = p,

Hence, the equilibrium allocation is

(a,ya) = (3,2) (zB,yB) = (2,3)

Therefore, the market-clearing relative price is % = 1, and the equilibrium consumption bundles are
: , ;

(3,2) for consumer A and (2, 3) for consumer B
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2. After the redistribution, the new endowments are

w;} = (4, 1) o')/B = (174)

The total endowment in the economy remains

=95

|
Il
ot

Let prices be (pz,py), with p; > 0 and p, > 0
Consumer A
Consumer A’s income is now

ma = 4p, + Dy

Consumer A solves

max 1— (x4 —4)% — (ya — 3)*

TAYA

subject to

De®A + Dyya < 4py + Dy

Notice that the bliss point (4, 3) is never affordable, because its cost is

4dpy + 3py > 4px +py

Thus, the budget constraint binds and consumer A solves

max 1— (x4 —4)* — (ya — 3)?

TAYA

subject to

Da®A + Dyya = 4ps + Dy

The Lagrangian is

La=1—(za—4)%— (ya—3)> +Xa(dps + Dy — P2sTa — Pyya)

The first-order conditions are

—2($A - 4) - )\Apx =0
—2(ya —3) — Aapy =0

4Apr + Py — PzTa — Pyya =0

From the first two equations,

_ A AP
2

_ /\Apy
2

1‘,424 yA:3
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Substituting into the budget constraint,

A A
() e o)t

A

2 2\

dp, + 3py -

Aa
2py = 7(?3 +p3)

A= 2y
P2 +0p;

Therefore, consumer A’s demand is

2Dy
Pz +p;

.”L'A:4—

2
_ %y
P+ Py

ya =3

Consumer B

Consumer B’s income is

mp = Pg +4py

Consumer B solves

max Tp -+ YB
TB,YB

subject to

P2TB + PyyYB < Pr + 4py

As before, consumer B’s demand depends on which good is cheaper
If

Pz < Py

then consumer B buys only good x

e + 4
(rB,yB) = (ppy’o)

x

But then

cp=1+4% 55

Dz

which is impossible, since total endowment of good x is only 5
So this cannot be an equilibrium
If
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Pz > Dy

then consumer B buys only good y

4
(l‘B, yB) = <O7 M)
Dy

But then
yp =L 14>5
Dy
which is impossible, since total endowment of good y is only 5

So this cannot be an equilibrium either

Therefore, the only possible equilibrium relative price is

Ps 4
Py
Equilibrium allocation
Normalize prices as
De=py =1
Then consumer A’s budget becomes
Ta+ya=>5
and the demand formulas become
TrpA = 4— - = 3
ya=3—5=2

Thus,

(SUA»yA) = (37 2)
Since total endowments are still (5, 5), market clearing implies
$B=5—3=2 yB:5—2:3
Hence,

(zB,yB) = (2,3)

This bundle satisfies

T +yp =95

so it belongs to consumer B’s demand correspondence when p, = p,

Therefore, the new equilibrium allocation is
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(za,ya) =(3,2)  (zB,yB) = (2,3)
The equilibrium does not change. After the redistribution, the market-clearing relative price remains

% =1, and the equilibrium allocation is still (3,2) for consumer A and (2, 3) for consumer B
Yy

. A Walrasian equilibrium in this economy is a price vector (p,,p,) with p, > 0 and p, > 0, together
with an allocation
(an yA)a (‘TBa yB)

such that the following conditions hold

(a) Utility maximization
Given prices, each consumer chooses a utility-maximizing bundle from their budget set

Consumer A solves

1— —4)2 — (ya—3)% : pg < Bpg
(xa,ya) € arg “21517&;‘20{ (xa—4)* = (ya—3)% : pora+pyya < 5ps}

Consumer B solves

(xp,yp) €arg max _{xp+yp : P&+ pyyn < 5py}
zp>0, yg>0

(b) Feasibility and market clearing
Total consumption must equal total endowments

Ta+xTB =5

Yya+yp =>5

(c) Positive prices
Prices must satisfy
pe >0 Py >0

We can now quickly verify that the equilibrium found in part (1),

% =1 (ra,y4) = (3,2) (B yB) = (2,3)

satisfies all these conditions

Normalize prices as
Pz = Dy = 1

Then markets clear because
Ta+xp=3+2=5
Yya+yp=24+3=5
Consumer A’s bundle is affordable and exhausts income

34+2=5=>5p,;

Consumer B’s bundle is also affordable and exhausts income

2+3="5=5p,
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At these prices, consumer A chooses the point on the budget line z4 + y4 = 5 that is closest to the
bliss point (4, 3), which is (3, 2)

Consumer B has linear utility g + yg, and when p, = p, every bundle satisfying
Tp+yYp=>5

is optimal, so (2,3) belongs to consumer B’s demand correspondence

Hence, the allocation found in part (1), together with the relative price ;’— = 1, satisfies all the
Y
conditions of a Walrasian equilibrium

. To find the contract curve, we characterize the Pareto efficient allocations
Using feasibility,
Tp=5—T4 Yy =95 —ya

Consumer B’s utility is
up =rp+yp =10 — (a4 +ya)

Thus, for a given utility level of consumer A, Pareto efficiency requires choosing the bundle of consumer
A that achieves that utility with the smallest possible value of x4 + ya

For interior efficient allocations, the slope condition is

MRS4 = MRSp

For consumer A,

MU, , = —2(xa —4) MU, = —2(ya — 3)

0]
MU, -4
MRS, = a_ 24
MUyA ya — 3
For consumer B,
MU, =1 MU, =1
o)
MRS =1
Hence, interior efficiency requires
A — 4
=1
ya —3

A —ya=1

This gives the interior part of the contract curve. Since the bliss point of consumer A is (4, 3), only the
southwest part of this line can be efficient, because allocations northeast of (4, 3) are Pareto dominated
by moving back toward the bliss point and giving the released goods to consumer B

Therefore, the interior efficient segment is

ya =z —1 1<z4<4

For lower utility levels of consumer A, the efficient allocation lies on the boundary y4 = 0, because
this minimizes x 4 + y4 among bundles that deliver that utility

Hence, the boundary efficient segment is

ya =0 0<za<1
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Combining both parts, the contract curve is

C={(ra,ya) :ya=0,0<2a <1} U{(z4,94) :ya=24—1, 1 <2y <4}
We now construct the Utility Possibility Frontier. The UPF is the set of Pareto efficient utility pairs
and is usually written as consumer B’s utility as a function of consumer A’s utility

First segment of the contract curve: y4 =0,0<z4 <1

Along this segment,
Ur=1— (x4 —4)*-9

UA:f:z:124+8xA724

and
UB = IO—Z‘A
From
UA:—(xA—4)2—8
we obtain
zAa=4—+/-Uy—28
Thus,

Us(Ua) =6++/-Us—8  —24<Uy<—17

Second segment of the contract curve: yq =24 —1, 1 <x4 <4

Along this segment,
Ua=1— (24 —4)* — (v4 — 4)?

UA=1—2(33A—4)2

and
Ug=10—(za+(za—1))=11—-2x4
From
Ur=1-2(za—4)?
and using 1 < x4 <4, we get
1-Ux
2

IA=4—

Therefore,

U(Ua) =3+ /2(1 —Ua) —17<U, <1

So the Utility Possibility Frontier is

Up(Us) = 6++/—Usr—38 if —24<Uy <
PT84 20— U,) if —17T<U4 <1

Hence, the contract curve is the union of the segment y4 = 0 for 0 < z4 < 1 and the segment
ya=x4 — 1 for 1 < x4 <4, and the UPF is the piecewise function above
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5. From part (1), the equilibrium allocation is
(anyA) = (3,2) (xBayB) = (273)
From part (4), one part of the contract curve is

ya =z — 1 1<zy <4

At the equilibrium allocation,
2=3-1

so (3,2) belongs to the contract curve
Therefore, the equilibrium allocation is Pareto efficient
We can also verify this using the Utility Possibility Frontier

At the equilibrium allocation,
Ur=1-(3—-4)?—-(2-3)?
Uy =-1

and
Up=2+3=5

Since —1 € [—17,1], we use the second branch of the UPF
Up(Ua) =3+ /2(1— Ua)
Substituting Us = —1,
Up=3++2(1—-(-1))

Ug=3++4

Ugp=5

which is exactly the utility of consumer B at the equilibrium allocation

Hence, the equilibrium found in part (1) is efficient because it lies on the contract curve, and equiva-
lently because the associated utility pair lies on the Utility Possibility Frontier
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